Ill-defined pinch singularities characteristic of out of equilibrium thermal field theories are analyzed. We identify two mechanisms which eliminate pinching: the first is based on the vanishing of phase space at the singular point (Threshold effect). It is effective in QED with massive electron and massless photon. In massless QCD this mechanism fails, but the pinches cancel due to the second mechanism, i.e. due to the spinor/tensor structure of the single self-energy insertion contribution to propagator. The constraints imposed on distribution functions are very reasonable. *
Introduction
Out of equilibrium thermal field theories have recently attracted much interest. From the experimental point of view, very interesting are the various aspects of heavy-ion collisions and the related hot QCD plasma. The supposedly gluon dominated stage is of special interest.
Contrary to the equilibrium case ( [1, 2] ) where pinch, collinear and infrared problems have been successfully controlled ([3, 4, 5, 6] ) , out of equilibrium theory ([7, 8, 9] ) is suffering from them to these days. However progress has been made in this field, too.
Weldon [10] observes that the out of equilibrium pinch singularity does not cancel; hence it spoils analyticity and causality. The problem gets worse with more than one self-energy insertions.
Bedaque argues that in out of equilibrium theory the time extension should be finite. Thus the time integration limits from −∞ to +∞, which are responsible for the appearance of pinches, have to be abandoned as unphysical [11] . Le Bellac and Mabilat [12] show that pinching singularities give contribution of order g 2 δn, where δn is the deviation from equilibrium. They also find that collinear singularities cancel in scalar theory, and in QCD using physical gauges, but not in the case of covariant gauges. Niégawa [13] finds that the pinch-like term contains divergent part which cancels collinear singularities in covariant gauge.
Altherr and Seibert find that in the massive g 2 φ 3 theory pinch singularity does not occure due to the kinematical constraint [14] . Altherr suggests a regularization method in which the propagator is modified by the width γ which is an arbitrary function of momentum, to be calculated in a self-consistent way. In the g 2 φ 4 theory for small deviations from equilibrium, γ is found to be just the usual equilibrium damping rate [15] . This recipe has been justified in the resummed Schwinger-Dyson series in various problems with pinching [16, 17, 18, 19, 20, 21] . Baier, Dirks and Redlich [16] calculate the π − ρ self-energy contribution to the pion propagator, regulating pinch contributions by the damping rate. In a subsequent papers with Schiff [17, 18] they calculate the quark propagator within the HTL approximation [22, 23, 24] ; in the resummed Schwinger-Dyson series the pinch is naturally regulated by ImΣ R .
Carrington, Defu and Thoma [19] find that in the HTL approximation to the resummed photon propagator no pinch singularities appear.
Niégawa [20] introduces a notion of renormalized particle-number density. He finds, that in the appropriately redefined calculation scheme the amplitudes and reaction rates are free from pinch singularities.
In our previous paper [21] we discussed extensively two interesting aspects of the problem: pinch singularities as they appear in the resummed Schwinger-Dyson series and, separately, pinches which appear in the approximating the propagator by bare propagator plus the contribution from single self-energy insertion.
By pinching singularity we understand the contour which passes between two infinitely close poles dx (x + iǫ)(x − iǫ) ,
where x = q 2 − m 2 . It is controlled by some parameter, e.g. ǫ. For finite ǫ, the expression is regular. However, when ǫ tends to zero, the integration path is "pinched" between the two poles, and the expression is ill-defined. Integration gives the ǫ −1 contribution plus regular terms.By performing a simple (but forbidden) decomposition of (x ± iǫ) −1 into P P (1/x) ± iπδ(x), one gets the related ill-defined δ 2 expression. Similar to (1.1) is the expression which corresponds to the resummed Schwinger-Dyson series.
where ω(x), andω(x) (which appears in the next expression) are proportional to Ω(x), and Ω(x) where Ω(x), Σ R (x) andΩ(x) are the components of the self-energy matrix to be defined in the next chapter. In this expression pinching is absent [16, 17, 18, 19, 20, 21] if ImΣ R (x o ) = 0 at the value of
In some limiting cases where ReΣ R (0) = 0 it is important to observe, that as x → 0 the behaviour of ImΣ R (x) and the behaviour of Ω(x) are related, resulting again with the elimination of pinching [21] . The expression, which corresponds to the single self-energy insertion approximation to the propagator, is similar to the above:
One can rewrite the integral as 5) then the integral (1.4) decomposes into two pieces which, although possibly divergent, do not suffer from pinching. Ther are two cases when the functionω(x) is even identically zero in the vicinity of x = 0 point: in thermal equilibrium it is so due to the detailed balance relations, in massive g 2 φ 3 theory out of equilibrium it is so due to the mass shell condition [14] . The last mechanism works also in out of equilibrium QED if the small photon mass m γ is introduced. But such elimination of pinching can be missleading: the domain of x, whereω(x) = 0, shrinks to a point as m γ → 0. But we shall show the elimination of pinching also in the m γ = 0 case.
In this paper we identify two mechanisms leading to the relation (1.5). They are based on observation that in the pinch-like contribution loop particles have to be on mass shell.
First mechanism is effective in out of equilibrium QED: in the pinch-like contribution to electron propagator phase space vanishes linearly as x → 0 . In the pinch-like contribution to the photon propagator the domain of integration is shifted to infinity as x → 0. For distributions disappearing fast enough at large energies the contribution again vanishes linearly in the x → 0 limit. This mechanism is valid also in QCD in the cases when massive quarks appear.
In the case of out of equilibrium massless QCD the phase space does not vanish but there is an alternative mechanism: the spinor/tensor structure in all the cases leads to the relation (1.5) .
Also in the case of out of equilibrium massless QCD introduction of small gluon mass does not help. In this case processes like→ g are kinematically allowed,spinor/tensor structure is modified, andΩ does not vanish in the x → 0 limit.
In a few cases none of the mentioned mechanisms works and one has indeed to sum the Schwinger-Dyson series. It is the case of the π − ρ loop in the π self-energy . Even in the limit of zero pion massω(x) vanishes only as |x| 1/2 and the relation (1.5) is not fullfilled. Similar is the problem of electroweak interactions involving decays of Z and W bosons, Higgs particle decay, etc. Second important case is massless g 2 φ 3 theory. Here unlike in the massless QCD there is no spin factor to provide q 2 factor necesarry to obtain (1.5). The densities are restricted only mildly: they should be cut off at high energies at least as |k o | −3−δ to obtain a finite total particle density; for non-zero k o , they should be finite; for k o near zero, they should not diverge faster than In section 3 we analyze functions such as Ω,Ω and ImΣ R and investigate their threshold properties.
In section 4 we show that the electron and photon propagators, calculated in the single self-energy insertion approximation, are free from pinching.
In section 5 we analyze pinch-like expressions in the q −q, g −g and ghost-ghost contribution to gluon propagator, quark propagator and ghost propagator in the single self-energy insertion approximation. We find that, in all the cases, the spinor/tensor factor F contains factor q 2 which is enough to eliminate pinching.
In section 6 we briefly recollect the main results of the paper.
Propagators and the Schwinger-Dyson equation
We start [28, 29] by defining out of equilibrium thermal propagators for bosons, in the case that one can ignore the variations of slow variables in Wigner functions [12, 30] :
1)
2)
3)
For particles with additional degrees of freedom relations (2.1)-(2.4) are provided with extra factors (k / + m) for spin 1/2, (g µν − (1 − a)k µ k ν /(k 2 ± 2iǫk o )) for vector particle, etc., and similarly for internal degrees of freedom. To keep the discussion as general as possible, we show this factors explicitly only when necessary. The propagator defined by relations (2.1)-(2.4) satisfies the important condition
In the case of equilibrium, we have
To obtain the corresponding relations for fermions we only need to make the substitution
In the case of equilibrium, for fermions we have
Out of equilibrium, n B (k o ) and n F (k o ) will be some given functions of k o . To transform to the Keldysh form, one defines the matrix Q [29] as
We need D K expressed through D R and D A :
Again for fermions, D K is equal to
The proper self-energy 16) satisfies the condition
It is also transformed to the Keldysh form (in Niemi's paper there is a misprint using Q
We also find
The calculation of the Σ matrix gives (propagators S(k) and G(k) in the self-energy matrix and in the Schwinger-Dyson equation are also given by (2.1) to (2.14), with the spin indices suppressed to keep the discussion as general as possible)
Simple exercise, with the help of (3.1), will convince us that only on-shell loop-particle momenta contribute to Ω. The Schwinger-Dyson equation 26) can be written in the Keldysh form
By expanding (2.27), we deduce the contribution from the single self-energy insertion to be of the form
which is evidently well-defined, and the Keldysh component suspected for pinches;
It is easy to obtain a solution [29] for G R and G A using the form (2.27). One observes that the equations for G R and G A are simple and the solution is straightforward:
To calculate G K , we can use the solution (2.30) for G R and G A :
Now we eliminate G K with the help of (2.14):
The first term in (2.32) is not always zero, but it is a well-defined expression! The second term in (2.32) is potentially ill-defined (or pinch-like). The pinch-like contribution appears only in this equation; thus it is the key for the whole problem of pinch singularities. In the one-loop approximation, it requires loop particles to be on mass shell. This will be enough to remove ill-defined expressions in all studied cases. We start with (2.29). After substituting (2.14) into (2.29), we obtain the regular term plus pinch-like contribution:
For equilibrium densities, we have Σ 21 = e −βqo Σ 12 , and expression (2.35) vanishes identically. This is also true in the case of fermions.
Expression (2.35) is the only one suspected for pinch singularities at the single self-energy insertion level. The functionΩ (2.35) belongs to the type of functions characterized by the fact that both loop particles have to be on mass shell. It is analyzed in detail in section 3 and 4 (for threshold effect) and in section 5 (for spin effect). With the help of this analyzis we show in this paper that the relation (2.35) transforms into
2 ) multiplied by spinor/tensor factors included in the definition of G R,A . Important for cancellation of pinches is the finitness of the limit
The index ∓ indicates that the limiting value m 2 is approached either from below or from above, and this two values are generally different. As a consequence the right hand side of expression (2.36) behaves locally as (the connection between K ± and K 1,2 is obvious)
38) and the term proportional to K 2 is capable of producing logarithmyc singularity.
Furthermore we were unable to eliminate pinches related to the double, triple, ... selfenergy insertion contribution to propagator. But their sum Σ ∞ 2 is free from pinching, under the assumption that also the resummed Schwinger-Dyson series is free from pinching.
Threshold factor
In this section we analyze the phase space of the loop integral with both loop particles on mass shell. Special care is devoted to the behaviour of this integral near thresholds. In this analysis the densities are constrained only mildly: they are supposed to be finite and smooth, with possible exception at zero energy. We also assume that the total density of particles is finite. The expressions are written for all particles beeing bosons,and spins are not specified, change to fermion is elementary.
To obtain the integrals over the products of D R,A and S R,A , we start with a useful relation:
Similar relations could be obtained for higher powers of D R,A and S R,A . For example, for the nth power of k 2 − m 2 D + iλk o ǫ real part of the integral will be obtained by substituting
. Now we easily calculate the ReΣ R :
F is the factor dependent on spin and internal degrees of freedom.
As we assume that the zero-temperature renormalization has already been performed, the zero-temperature part is in fact eliminated by counter terms and only the thermal part remains:
Now, starting from (2.19) to (2.21), we calculate Ω and ImΣ R .
where 6) and
It is useful to define
After integrating over δ's one obtains expressions of the general form
where
10)
Let us start with the q 2 > 0 case. Solution of Θ(1 − z 2 o ) gives the integration limits:
Assume now that q tr = 0. In that case, at threshold, the limits shrink to the value
In expression (3.9)we expand the integrand for small | k|. Then, after integration, the result takes the form 16) with the coefficient c 1 given by
Thus we can isolate the threshold effect
Relation (3.18) is the key to further discussion of the threshold effect. One should observe that relation (3.18) also holds in the case when the integrand cannot be expanded in powers of | k|, but then it holds only locally near the threshold.
We obtain this also for higher dimension (D=6 for example). Relation (3.18) puts some limits on the behaviour of density functions: they should not tend to infinity at any value of q o = 0; near q o = 0, owing to the presence of the factor q o , they should not rise faster than q However at the other threshold, namely at q 2 −tr = 0, the physical region is determined by q 2 < 0 and the above discussion does not apply. In fact, the integration limits (3.12) or (3.13) are valid, but the region between k o 1 and k o 2 is now excluded from integration. One has to integrate over the domain (−∞, k o 1 ) and (k o 2 , +∞). This leads to the limitation in the high energy behaviour of the density functions.
If both masses vanish (m D = m S = 0), the thresholds coincide, there is no forbidden region and no threshold behaviour. The behaviour depends on the spin of the particles involved. For scalars, the leading term in expansion of I does not vanish.
The case of vanishing masses (m D = m S = 0) for particles with spin exhibits a peculiar behaviour. In all studied examples (see the section 5 for details), I behaves as q 2 as q 2 → 0.
Pinch Singularities in QED 4.1 Pinch Singularities in Electron Propagator
In this subsection we apply the results of previous section to cancel the pinching singularity appearing in a single self-energy insertion approximation to electron propagator. To do so we have to substitute m D = m, m S = 0, sinh
where n e and n γ ar given nonequilibrium ditributions of electrons and photons into the relations (3.5), (3.7),(3.8) and (2.14). The thresholds are now identical q
and the integration limits are
Then, with the help of (3.17), we define
The trace factor F / is calculated with loop particles on mass shell
In the calculation of term proportional to (1 − a) we have to use the trick
For q 2 = 0 we can decompose vector k as
where, in the heat bath frame with z axis oriented along vector q
The transverse component of k, k T vanishes after the integration over φ.
Finally we obtain
Now we can study the limit
It is easy to find that K /(q o ) is finite provided that m 2 = 0 and NΩ(q o , 0) < ∞. The last condition is easy to investigate by limiting procedure:
One should observe here that the integration limits imply that the limit k o → q o is taken from below for q 2 > m 2 , and from above for q 2 < m 2 . The two limits lead to different values of NΩ(q o , 0). Only the first term in (4.11) can create problems. We rewrite it as
. As the relation (4.10) should be valid at any q o we can integrate over q o to find that the photon distribution should not grow faster than |k o | −1 as k o appraches zero, while the derivative of the electron distribution n e (q o ) should be finite at any
Under the very reasonable conditions (4.12) and (4.13) electron propagator is free from pinches. It is interesting to observe the discontinuity of K /(q 2 , m 2 , q o ) at the point q 2 = m 2 . This feature will be repeated in massless QCD.
It is worth observing that K /(q o ) is gauge independent, at least within the class of covariant gauges.
Pinch Singularities in Photon Propagator
To consider the pinching singularity appearing in a single self-energy insertion approximation to photon propagator we have to substitute
). There are two thresholds but for massless photon relevant is only q 2 1,tr = 0 and the domain where q 2 < 0. The integration limits are given by the same expression (4.2), but now we have to integrate over the the domain (−∞, k o 1 ) and (k o 2 , +∞). As q 2 → −0 we find (k o 1 → −∞) and (k o 2 → +∞). The integration domain is stil infinite but it is shifted toward ±∞ where one expects that particle disstribution vanish.
To calculate F µν for e −ē loop we parametrize loop momentum k by introduction of an intermediary variable l perpendicular to q. m is the mass of loop particles.
At the end of the calculation we eliminate l in favour of k. After all possible singular denominators are cancelled, one can set α = 1/2.
Using the relation (7.21) we obtain
In the integration over k o the terms proportional to (k
Asuming that the distributions obey inverse power low at large energies
we find that the terms linear in densities dominate. Thus one finds for n = 0, 1
It follows that (4.18) is finite (in fact it vanishes) if δ γ , δ e , δē > 3. This is exactly the condition
Thus the pinching singularity is cancelled in photon propagator under the condition that electron and positron distributions are such that total number of particles should be finite. Also in the photon propagator, the quantity lim q 2 →0 K µν (q 2 , q o ) does not depend on gauge parameter.
Expression (4.20) is not valid for m = 0.
Pinch Singularities in Massless QCD
In this section we consider the case of massless QCD. Pinching singularities, related to massive quarks, are eliminated by the methods of previous section. In self-energy insertions related to gluon, quark and ghost propagator, masses in the loop as well as the masses of propagated particles are zero. Thus the methods of previous section do not produce expected result. Attention is turned to the spin degrees of freedom, i.e. to the function F of the integrand in (3.4) to (3.9). In the calculation of F it is anticipated that loop particles have to be on mass shell. In that case F provides an extra q 2 factor in all the cases considered, in which not all particles are scalars. This q 2 factor suffices for the elimination of pinching singularities.
The integration limits are now
The difference | k| 2 − | k| 1 is finite and there is no threshold effect. It is worth observing that for q 2 > 0 we have to integrate between k o1 and k o2 , while for q 2 < 0 the integration domain is (−∞, k o 1 ) and (k o 2 , +∞). This leads to two limits lim q 2 →±0 K(q 2 , q o ) = K ± (q o ) in all cases of massless QCD. By inspection of the final results (5.4),(5.5) and (5.6) we find that the case q 2 < 0 requires integrability of the function k By using (4.15), we again introduce the intermediary variable l perpendicular to q; now we have to set m = 0.
Self-Energy Insertions Contributing to Gluon Propagator
The K µν (q 2 , q o ) related to gluon propagator is the sum
where the terms in the sum are defined as
Pinching singularities, related to massive quarks, are eliminated by the methods of previous section. Tensor F related to the massless quark-antiquark contribution to the gluon self-energy is
As F µν contains only A and B projectors, relation (7.21) guarrantees that the result does not depend on gauge parameter. Relation (5.4) contains only terms proportional to q 2 , and the lim q 2 →0 K µν (q 2 , q o ) is finite. For the ghost-ghost contribution to the gluon self-energy tensor F is given by
The antisymmetric part vanishes after integration, so we have left it out from the final result in (5.5).
Tensor F for the gluon-gluon contribution to the gluon self-energy is
Expressions (5.4), (5.5) and (5.6) have been obtained by substitution of (7.17), (7.19 ) and (7.20) , and, finally by eliminating the variable l in favour of k. Tensor O µν ( k T ) is linear in k, thus it vanishes after integration over φ.
We note here that, in the Feynman gauge (a = 1), the operator C is absent from the gluon self-energy! Consequently, the relation originating from Slavnov-Taylor identities (proved in [25, 26, 27] for equilibrium densities) Π
Thus the contributions to π D from the ghost-ghost and gluon-gluon self-energies mutually cancel, imposing restrictions on the densities related to unphysical degrees of freedom. As it does not interfere with the cancellation of pinches, the problem of unphysical degrees of freedom will be discussed elsewhere .
Finally in all three cases we need (7.21). The above expressions (5.4), (5.5) and (5.6) for the ghost-ghost, quark-antiquark and gluongluon contributions to the gluon self-energy contain only terms proportional to q 2 . Thus the function K µν (q 2 , q o ) approaches finite value K µν (±, q o ). Thus we have shown that under the condition (4.21) single self-energy contribution to gluon propagator is free from pinching.
Quark-Gluon Self-Energy Contribution to Quark Propagator
To calculate K /(q o ) we need the limit
From (5.10) we conclude that K /(q o ) does not depend on gauge parameter. This supports the conclusion of Niégawa [13] that the coefficient of the collinear singularity contribution from pinch-like term does not depend on gauge.
Ommiting the details, we observe that, also in the Coulomb gauge, the pinching is absent from quark propagator.
5.3
Ghost-Gluon Self-Energy Contribution to Ghost Propagator
The K factor is defined as
The F factor for ghost-gluon contribution to the ghost self-energy is
The factor q 2 ensures the absence of pinch singularity and a well-defined perturbative result.
Scalar -Photon Self-Energy Contribution to Scalar Propagator
Although not part of massless QCD the massless scalar boson interacting with photon is treated by the same methods. The K factor is defined as
The F factor for massless scalar-photon contribution to the scalar self-energy For massive electron and massless photon (or quark and gluon) it is the threshold effect in the phase space integration which produces critical q 2 − m 2 or q 2 dumping. In the case of massless quark, ghost and gluon this mechanism fails, but spinor/tensor structure of the self-energy provides extra q 2 dumping factor. We have found that in QED the pinching singularities appearing in the single self-energy insertion approximation to the electron and the photon propagator are absent under very reasonable conditions: the distribution function should be finite, exceptionally photon distribution is allowed to diverge as k
o as k o → 0; the derivative of electron distribution should be finite; total density of electrons and photons should be finite.
For QCD identical conditions are imposed on the distribution of massive quarks and the distribution of gluon; distributions of massless quarks and ghosts (observe here that in the covariant gauge ghost distribution is not required to be identically zero) should be integrable functions; they are limited by the finitness of the total density.
In the preceeding sections we have, thus, shown that all pinch-like expressions appearing in QED and QCD (with massless and massive quarks!) at the single self-energy insertion level do transform into well-defined expressions. Many other theories behave in that way. But there are important exceptions: all the theories in which the lowest order processes are kinematically allowed do not acquire well defined expressions at this level. These are: electroweak interactions, processes involving Higgs and two light particles, ρ meson and two π mesons, Z, W and other heavy particles decaying into the pair of light particles. etc. Second important exception is massless g 2 φ 3 theory. Here unlike in the massless QCD there are no spin factors to provide (1.5). In these cases, one has to resort to the resummed Schwinger-Dyson series.
The main result of the present paper is the cancellation of pinching singularities at the single self-energy insertion level in QED-and QCD-like theories, This then together with the reported [12, 13] cancellation of collinear singularities allows the extraction of the useful physical information that the imaginary parts of the two-loop diagrams contain. This is not the case for three-loop diagrams for some of them contain double self-energy insertions. In that case one has, again, to resort to the sofistication of resummed propagators.
Appendix
We start [1] by defining a heat-bath four-velocity U µ , normalized to unity, and define the orthogonal projector ∆ µν = g µν − U µ U ν . (7.1)
We further define space-like vectors in the heat-bath frame:
There are four independent symmetric tensors (we distinguish retarded from advanced tensors by the usual modification of the iǫ prescription) A, B and D, which are mutually orthogonal projectors, and C A µν (q) = ∆ µν − κ µ κ ν κ 2 , (7.3) Tensor O µν ( k T ) is linear in k, and vanishes after integration over φ. One should observe that (7.17) through (7.20) are valid for an arbitrary (but the same for B and D) R/A prescription, so we do not indicate it.
Using the multiplication rules one obtains
It is important to observe that, owing to the properties of mixed products, the R/A assignment of F does not influence the final result!
